Abstract. Zero forcing is a coloring game played on a graph where each vertex is initially colored blue or white and the goal is to color all the vertices blue by repeated use of a (deterministic) color change rule starting with as few blue vertices as possible. Probabilistic zero forcing yields a discrete dynamical system governed by a Markov chain. Since in a connected graph any one vertex can eventually color the entire graph blue using probabilistic zero forcing, the expected time to do this studied. Given a Markov transition matrix for a probabilistic zero forcing process, we establish an exact formula for expected propagation time. We apply Markov chains to determine bounds on expected propagation time for various families of graphs.
1. Introduction. A graph, which can be used to model relationships between objects, is a pair G = (V, E). The set E = E(G) of edges (relationships) consists of 2-element subsets of the set V = V (G) of vertices (objects). Two vertices v, w are adjacent if {v, w} ∈ E. Suppose a graph G is colored so that every vertex is blue or white. Vertices in the graph can change color based on the zero forcing color change rule: If a blue vertex v is adjacent to exactly one white vertex w, then the white vertex changes to blue. In this case, we say that v forces w and denote this by v → w. A set of vertices S is called a zero forcing set if when the vertices in S are colored blue and those in V \ S are colored white, repeated application of the color change rule forces all of the vertices to be blue. The zero forcing number of a graph G, denoted Z(G), is the minimum cardinality of a zero forcing set [1] . Throughout this paper, a force performed using the zero forcing color change rule is called a deterministic force.
Zero forcing was introduced in the study of the control of quantum systems by mathematical physicists who called it the "graph infection number" [3, 4] . Zero forcing was also introduced independently in the study of the minimum rank problem in combinatorial matrix theory to bound the maximum nullity [1] . Zero forcing and its positive semidefinite variant have been used extensively in the study of the minimum rank problem (see [10] and the references therein). Parameters derived from zero forcing have also been studied. Examples include propagation time (e.g. [12, 16] ) and throttling (e.g. [5] ). Zero forcing also has connections to graph searching [17] and power domination [2] .
Two vertices are called neighbors if they are adjacent, and the set of neighbors of a vertex v in G is denoted by N (v). The closed neighborhood of a vertex v is N [v] = N (v) ∪ {v}. A variant of zero forcing called probabilistic zero forcing was introduced by Kang and Yi [14] and is defined as follows: In one round, each blue vertex u attempts to force (change the color to blue) each of its white neighbors w independently with probability
where B denotes the set of blue vertices. Because a vertex u attempts to force each of its white neighbors independently, this action is a binomial (or Bernoulli) experiment with probability of success given by the previous formula. This color change rule is known as the probabilistic color change rule, and probabilistic zero forcing refers to the process of coloring a graph blue by repeated application of the probabilistic color change rule.
The study of probabilistic zero forcing therefore produces a discrete dynamical system that plausibly describes many real world applications. Some of these applications include modeling the spread of a rumor through a social network, the spread of an infectious disease in a population, or the dissemination of a computer virus in a network. In addition, this type of zero forcing offers a new approach to coloring a graph. It should be noted that while for traditional zero forcing, the parameter of primary interest is the minimum number of vertices required to force the entire graph blue, in probabilistic zero forcing one blue vertex per connected component is necessary and sufficient to eventually color an entire graph blue. Therefore finding a minimum probabilistic zero forcing set is not an interesting problem. However, there are parameters related to probabilistic zero forcing that are of interest.
One such parameter is expected propagation time, which is the focus of this paper. Suppose that G is a connected graph with the vertices in B = ∅ colored blue and all other vertices white. The probabilistic propagation time of B, denoted by pt pzf (G, B), is defined as the random variable equal to the number of the round in which the last white vertex turns blue when applying the probabilistic color change rule [11] . For a connected graph G and a set B ⊆ V (G) of vertices, the expected propagation time of B is the expected value of the propagation time of B [11] , i.e.,
The expected propagation time of a connected graph G is the minimum of the expected propagation time of B over all one-vertex sets B of G [11] , i.e.,
The use of Markov chains for probabilistic zero forcing was introduced in [14] and studied further in [11] . If M is the s × s Markov matrix where the first state is one blue vertex and the last state is all vertices blue, then
[11]. In Section 2 we provide an exact method to calculate ept(G, B) and apply it to obtain a table of the expected propagation times of small graphs. We also prove that there exist arbitrarily large graphs for which adding an edge increases the expected propagation time, answering a question in [11] . This section also includes a characterization of the Markov matrix for the complete graph K n on n vertices and data on its expected propagation time for various n. We also provide constructions of Markov matrices for complete bipartite graphs K m,n , n-sun graphs, and n-comb graphs, as well as data on their behavior.
In Section 3 we prove that ept(K n ) = Θ(log log n), improving the upper bound given in [11] , and ept(K c,n ) = Θ(log n), where c ≥ 1 is a fixed integer. We prove that ept(G) = O(n) for any connected graph G on n vertices. Furthermore, we prove a Θ(log n) bound on the expected propagation time of graphs on n vertices obtained by adding a universal vertex to a graph of bounded degree.
We define some additional terms from graph theory and notation that we will use throughout the paper. The order of a graph is the number of vertices. The path P n of order n is a graph whose vertices can be listed in the order v 1 , . . . , v n such that the edges of the graph are {v i , v i+1 } for i = 1, . . . , n − 1. The cycle C n of order n is a graph whose vertices can be listed in the order v 1 , . . . , v n such that the edges of the graph are {v i , v i+1 } for i = 1, . . . , n − 1 and {v 1 , v n }. The complete graph K n is the graph of order n with all possible edges. The complete bipartite graph K m,n is the graph of order m + n whose vertices can be divided into two parts u 1 , . . . , u m and v 1 , . . . , v n such that the edges of the graph are {u i , v j } for 1 ≤ i ≤ m and 1 ≤ j ≤ n. As a shorthand, we denote the edge {u, v} as uv (since the graphs in the paper are not directed, the same edge could be written as vu). If v is a vertex in G, then G − v denotes the graph obtained from G by removing the vertex v and all edges that contain v. If B is a set of blue vertices in G and v is a white vertex, we use B → v to denote that some vertex in B forces v.
2. Markov chains for probabilistic zero forcing. In this section we introduce a method to compute expected propagation time exactly from the Markov transition matrix. We then apply Markov chain methods to compute expected propagation time of small graphs and families of graphs. We also answer the question of whether adding an edge can raise expected propagation time (cf. [11, Question 2.16] ).
Let G be a graph and B ⊂ V (G) be nonempty. A simple state for B is a coloring of the vertices that can be reached by starting with exactly the vertices in B blue, and then applying the probabilistic color change rule iteratively. We normally combine simple states that behave analogously into one state for B. For example, in K n starting with one blue vertex, we use n states, with state k being the condition of having k blue vertices. In most graphs, it matters which vertices are blue, and this is reflected by distinguishing states with the same number of blue vertices but different behavior.
An ordered state list for B, denoted by S = (S 1 , . . . , S s ), is an ordered list of all states for B in which S 1 is the initial state (where exactly the vertices in B are blue), S s is the final state (where all vertices are blue), and the states S k , k = 2, . . . , s − 1 are in some chosen order. A graph G and an ordered state list S determine the Markov transition matrix for the process, which is denoted by M (G, S). Reordering the states S 2 , . . . , S s−1 results in a Markov transition matrix that is obtained by a permutation similarity of M (G, S). We use |S k | to denote the number of blue vertices in state S k , and say S is properly ordered if |S i | < |S j | implies i < j. Proof. Assume first that S is properly ordered. If i = j and it is possible to go from S i to S j in one round, then |S i | < |S j | so i < j. Thus M (G, S) is an upper triangular matrix and the eigenvalues are the diagonal entries. The probability m kk of remaining in state S k is less than one for k < s, is equal to one for k = s, and all m kk are nonnegative. Thus, one is a simple eigenvalue and is the spectral radius of M (G, S).
Note that a permutation similarity does not change the eigenvalues of M (G, S) or the (unordered) multiset of diagonal entries (although the order of the diagonal entries may change). Thus the statements about the spectrum are true without the assumption that S is properly ordered. [11], so we
Since the spectral radius is less than one, M → 0 and (
Small graphs.
We use Markov matrices and Theorem 2.2 to determine the expected propagation times for all connected graphs of order at most seven. Expected propagation times for connected graphs of order at most three were known previously and are summarized in Table 2 .1; when not immediate, a source is given. Table 2 .2 presents the expected propagation time for each connected graph of order four, including both the exact (rational) value and its decimal approximation, together with the ordered state list and Markov matrix for an initial vertex that realizes the expected propagation time of the graph. Data for connected graphs of orders 5, 6, and 7 (omitting the matrices and the exact values) can be found in Appendix 1 [6] (available online).
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Markov matrix and states ept(G) Observe that the expected propagation time of the diamond is higher than that of the 4-cycle, even though the diamond can be obtained by adding an edge to C 4 . This demonstrates that adding an edge can raise expected propagation time, thereby answering Question 2.16 in [11] . This idea is generalized in Theorem 2.3 to construct an infinite family of graphs for which adding an edge increases expected propagation time. 
2).
We define the events E 0 and E 1 as follows: E 0 is the event that after the first force has occurred, in every round in which a non-deterministic force is attempted there is a successful non-deterministic force. E 1 is the event that after the first force has occurred, in every round but one in which a non-deterministic force is attempted there is a successful non-deterministic force. We break the proof into two cases depending on the parity of m.
Suppose that m = 2k for some positive integer k:
First we show that ept(T 4,m , {p k }) = . In each case the stated value is the expected time for the vertices to the left of p k to turn blue, consisting of the expected time for the first force, the time after that to deterministically force p 1 , and ept(T 4,2 , {p 1 , p 2 }) (respectively, ept(T 4,2 , {p 1 , p 2 })). The vertices on the right can be ignored because once the first force happens, the time for the vertices to the right of p k to turn blue is less than or equal to the least possible time for the last vertex on the left of p k to turn blue.
Any vertex other than p k and p k−1 has a vertex with distance at least k + 2 from it in both T 4,m and T 4,m , which exceeds both ept(T 4,m , {p k }) and ept(T 4,m , {p k }), so it suffices to compute ept(T 4,m , {p k−1 }) and ept(T 4,m , {p k−1 }). We split into three cases depending on which vertices are forced in the round where the first force occurs, each of which has probability 1 3 . For the first case, suppose that only p k , i.e., the vertex to the right of p k−1 gets colored blue in the round with the first force. Then the propagation time for the vertices to the right of p k−1 is at most the propagation time for the vertices to the left of p k−1 , so the expected propagation time in this case is 2.2. The complete graph. Let K n = (V, E) be the complete graph on n vertices. Let B be the set of currently blue vertices and let b = |B| < n. Consequently, the number of currently white vertices is equal to n − b. For any v ∈ B and w ∈ V \ B, Pr(v → w) = 
For b = n − 1, the process is deterministic (note that (2.1) remains valid if 0 0 = 1). The next theorem follows from the previous statement and (2.1).
Theorem 2.4. Let S = (S 1 , . . . , S n ) be the ordered state list where S k is the state of having k blue vertices in K n . The matrix M := M (K n , S) has
Furthermore,
: i ∈ {1, . . . , n − 2} .
Using Theorems 2.2 and 2.4, we can obtain an exact (rational number) value for the expected propagation time of K n . However the rational values have rapidly growing numerators and denominators so in the next table we display the decimal equivalents. Table 2 .3 Values of ept(Kn) for n = 1, . . . , 50.
In Figure 2 .2, we plot this data and the graph of 1.4 log log n + 2.5. In Theorem 3.1, we prove that ept(K n ) = Θ(log log n). 2.3. The complete bipartite graph. Using a similar process, we can construct a Markov matrix for the complete bipartite graph K m,n . Partition K m,n into its partite vertex sets R and R . We denote each state (a, b), where a and b denote the number of blue vertices in R and R , respectively. In this state, a blue vertices independently attempt to force n − b ≥ 1 white vertices, each with probability b+1 n , and b blue vertices independently attempt to force m − a ≥ 1 white vertices, each with probability a+1 m . Proposition 2.5. Given initial state (a, b) , the probability of forcing exactly k vertices in R and vertices in R is
where we define 0 0 = 1. Table 2 .4 Values of ept(Km,n, {u}) and ept(Km,n, {v}) with u in the part of size m and v in the part of size n for 1 ≤ m ≤ n ≤ 10.
If we start with the initial blue vertex v in R, we can construct our list of states as S = { (1, 0), (1, 1) , ..., (1, n), (2, 0), (2, 1) , ..., (2, n) , ..., (m, 0), (m, 1), ..., (m, n)}.
Constructing the matrix and applying Theorem 2.2 for various values of m and n produced the data in Table 2 .4. Note that K 2,3 is an outlier in the sense that m = 2, n = 3 is the only pair of values (up to n = 10) for which ept(K m,n ) is not achieved by choosing a vertex in the larger partite set. Based on this data, we make the following conjecture: Conjecture 2.6. Let K m,n have partite vertex sets R and R of orders m and n respectively, and let u ∈ R and v ∈ R . If n > 3 and m < n, then ept(K m,n , {u}) > ept(K m,n , {v}).
2.4. The sun and comb graphs. Let the n -Sun be obtained from the n-cycle C n by adding a single leaf to each vertex. Finding the expected propagation time of the n -Sun is equivalent to finding the expected propagation time of the embedded cycle C n , and then adding 1 to color all remaining leaves. If we focus primarily on the embedded cycle, then states are determined by the number of blue vertices in the cycle and how many of the outermost leaves have been forced, as the inner leaves have no effect on the cycle propagation.
If the initial blue vertex is on the cycle, we start with the two states involving one blue vertex on the cycle, without or with the adjacent leaf, which we denote 1 and 1L, respectively. Next, denote the intermediate states (c, ), where 2 ≤ c ≤ n − 2 and 0 ≤ ≤ 2. Here, c indicates the number of blue vertices on the cycle and indicates the number of outermost leaves forced; notice that intermediate states with the same value of behave similarly to one another. Denote the last four states (n − 1, ) and (n), where n − 1 or n of the cycle vertices are blue, respectively, and 0 ≤ ≤ 2. All outcomes and probabilities for these states are given in Table 2 . (c, 0) (c + 2, 0) Table 2 .5 Transition probabilities for the ordered state list S = {1, 1L, ..., (c, 0), (c, 1), (c, 2) , ..., (n − 1, 0), (n − 1, 1), (n − 1, 2), (n)} of the n -Sun as defined above.
Note that we leave out the fully propagated state. Instead, we add 1 to the propagation time found from the Markov matrix to account for the round needed to force all remaining leaves after reaching state (n).
Using Theorem 2.2 and adding 1 for the final round, we can obtain exact values for ept(n -Sun). Decimal approximations of these values are given in Table 2 .6. This table also lists the differences in expected propagation time for consecutive n, i.e., ∆ ept(n -Sun) = ept(n -Sun) − ept((n − 1) -Sun). The clear trend that ∆ ept(n -Sun) → 0.6875 as n becomes large leads to the next conjecture. Table 2 .6 Expected propagation times for the n -Sun, and differences ∆ ept(n -Sun) = ept(n -Sun) − ept((n − 1) -Sun) for n = 5, . . . , 45.
Conjecture 2.7. lim n→∞ (ept(n -Sun) − ept((n − 1) -Sun)) = We can modify the above process for expected propagation time starting at a leaf rather than on the cycle. If the initial blue vertex is a leaf, the first step is deterministic, yielding state 1L. Afterwards, the states and probabilities proceed as before. Thus, we simply need to construct the list of states starting at 1L instead of 1, and after finding the expected propagation time from the Markov matrix, add 2 to account for the first and last deterministic steps. In general, this yields a slower expected propagation time, though propagation starting at a leaf still suggests the aforementioned limit of 11 16 . We can use a similar process to construct the Markov matrix for the n -Comb, which is obtained from the path P n by adding a leaf to each vertex. As the initial blue vertex, choose v = n+1 2 on the embedded path, which is the center vertex for odd n and the left center vertex for even n. For the comb, we will need to track both the number of vertices forced to the left and to the right of the initial vertex, along with whether or not the outermost leaves are blue. The details, which are similar to the n -Sun but messier, are given in Appendix 2 [15] (available online), along with data.
3. Asymptotic bounds for probabilistic zero forcing. In this section, we prove asymptotically tight bounds up to a constant factor on several families of graphs, including some that were partially bounded in [11] . We prove that ept(K n ) = Θ(log log n). Next we generalize the bound ept(K 1,n ) = Θ(log n) from [11] by proving that ept(K c,n ) = Θ(log n) for constant c, where the bound depends on c. Generalizing the same bound in a different direction, we show Θ(log n) bounds on graphs obtained by adding a universal vertex to a graph of maximum degree at most c (a universal vertex is adjacent to every other vertex). Finally, we prove that ept(G) = O(n) for all connected graphs G of order n.
Geneson and Hogben [11] proved that ept(K n ) = Ω(log log n). In the next result, we show that bound is tight by proving that ept(K n ) = O(log log n). The method of proof is similar to that used in the proof in [11] that ept(K 1,n ) = O(log n).
Theorem 3.1. For positive integers n, ept(K n ) = Θ(log log(n)).
Proof. Let K n be the complete graph on n vertices for n ≥ 5. Let b be the number of currently blue vertices and w = n − b be the number of currently white vertices. For each white vertex v 1 , ..., v w , define the indicator random variable X i to be 1 if v i is colored blue in the current round and 0 otherwise,
For each term in the summation,
, and using this, we find
6 b 2 for n sufficiently large. Thus by Chebyshev's inequality, 
If 2
log n , then r = log 2 log 2 √ n log n − 1 . Since the expected time to transition from 1 to 4 blue vertices is bounded by a constant, the total expected time to transition from 1 to √ n log n blue vertices is at most cr + O(1) = O(log log n). log n to √ n log n blue vertices is at most Dr, where r is found by solving
, which gives us r = 2 log 5/4 log n and Dr = O(log log n).
For n ≥ 5,
n log n n √ n log n < e − log n log n < 1 n 1.5 .
Note that X ranges from 0 to w, so w − X is nonnegative. This allows us to apply Markov's inequality and linearity of expectation to show
For the complementary event, we conclude Pr(X ≥ w − √ w) ≥ n−1 n . Then the expected time to transition from w white vertices to at most √ w white vertices is at most n n−1 . Hence, the expected number of rounds to transition from w = n − √ n log n to 2 white vertices is at most n n−1 · r, where r is given by w
Solving this equation, we find r = log 2 log 2 w, implying that n n−1 · r = n n−1 · log 2 log 2 w = O(log log n). Note that for w ≤ 2, the expected time that remains is bounded by a constant. Thus ept(K n ) = Θ(log log(n)).
It is known that if a graph G of order n has a universal vertex, then ept(G) = O(log n) [11, Corollary 2.6]. In the next result, we use this fact to prove that ept(G) = Θ(log n) for graphs G obtained by adding a universal vertex to a (not necessarily connected) graph of maximum degree at most c. Theorem 3.2. Let c be a fixed positive integer and let F c be the family of graphs having maximum degree at most c. Let G be a graph of order n with a universal vertex u such that G − u ∈ F c . Then ept(G) = Θ(log n).
Proof. The upper bound follows from [11, Corollary 2.6] . For the lower bound, we consider two cases, based on the the numberb of blue vertices when u is colored blue at time t. First, suppose thatb ≥ √ n. Since the maximum degree is at most c, If insteadb < √ n, we consider the expected number of rounds to transition from at most √ n blue vertices to at least n 2 blue vertices. Let X be the random variable for the number of new blue vertices in the current round, and let g(b) = Pr(X ≤ 4b + cb), where b is the current number of blue vertices. We will show that g(b)
To this end, note that X is at most the sum of the number of vertices forced by u, which we will denote by s, plus the number of vertices forced by vertices other than u, which we will denote by r. Then, P r[s ≥ 4b] = O 1 √ n by the proof of Theorem 2.7 in [11] . Because the maximum degree is at most c, we also have r ≤ cb.
. From this point, the same steps as in the proof of Theorem 2.7 in [11] show that with probability 1 − o(1), the number of rounds to go from at most √ n blue vertices to at least n 2 blue vertices is Ω(log n) (with the constant dependent on c), so ept(G) = Ω(log n).
The next result builds on ideas in [11] . . If m ≤ n, then log(m) + log(n) ≤ 2 log n, so ept(K m,n ) = O(log(n)), which also implies ept(K m,n ) = O(log(m + n)) (and no assumption m ≤ n is needed on the latter).
Let c be a fixed positive integer. We consider the lower bound on ept(K c,n ). Let R and R denote the partite sets of orders c and n respectively. We show first that the expected number of rounds to color all vertices in R blue is O(1). Suppose first that the one initial blue vertex is in R. By Claim (C1) established in the proof of Lemma 2.5 in [11] , the probability of at least one new blue vertex in a round is at least one half, so the expected time of the first force is at most 2. Once at least one vertex in R is blue, the expected number of rounds to color R blue is at most ept(K 1.c ). Thus the expected number of rounds to color R blue is a constant. 
